The muon-and tau-neutrinos with the mass in the keV range, which are allowed in a low reheating temperature cosmology, can compose the warm dark matter of the universe. A model of four light neutrinos including the keV scale ν µ and ν τ is studied, which combines the seesaw mechanism and the Abelian flavor symmetry. The atmospheric neutrino anomaly is due to the ν µ − ν τ oscillation. The solar neutrino problem is solved by a maximal mixing of ν e − ν s with ν s being a light right-handed neutrino.
Cosmological studies show increasing evidences that the dark matter is in fact warm, neither cold nor hot, so as to explain the observed structure and behavior of the expanding universe [1] . In particle physics, as the candidates of the warm dark matter (WDM), the gravitinos or sterile neutrinos with masses in the keV range have been proposed. In this paper, we consider the possibility that the ordinary active neutrinos are the WDM.
Experiments have provided various constraints on the neutrino mass spectrum. From the direct experimental search, m ν 1 < ∼ 2.5 eV, m ν 2 < ∼ 170 keV and m ν 3 < ∼ 15.5 MeV [2] .
More information comes from the neutrino oscillation experiments. The Super-Kamiokande (Super-K) data for the atmospheric neutrino anomaly suggest that the ν µ is maximally mixed with ν x (x = e) with ∆m 2 µx ≃ 2.2 × 10 −3 eV 2 [3] . And the x = τ case is strongly favored [4] . The solar neutrino deficit [5] may imply the oscillation of ν e into ν y . However, a large part of its parameter space is excluded by the null results of the KARMEN data [7] .
One of the most stringent constraints on the neutrino mass comes from the cosmological consideration to avoid over-closing the universe. In the standard cosmology [8] , the stable neutrinos should be no heavier than 20 eV. Recently it has been shown that if the reheating temperature T RH is low, the densities of neutrinos can become much less than usually assumed [9, 10] . The cosmological constraint is very much relaxed. Indeed, for 1
MeV < ∼ T RH < ∼ 3 MeV, the abundance of tau-and muon-neutrinos is [11] 
This leads to Ref. [11] taking ν µ and ν τ as the WDM.
The above WDM consideration makes the neutrino mass pattern quite unique. First the Super-K results constrain the mass of both ν µ and ν τ around keV scale [4] . In this case, the solar neutrino problem can only be understood by introducing a light sterile neutrino ν s . The ν e and ν s should be lighter than few eV, for the consistence with the laboratory experiments of m νe . However, the LSND result cannot be compatible with the presence of keV scale muon-neutrinos.
In this paper, a four light neutrino model is built to give the above-mentioned neutrino mass pattern. How to construct the mass spectrum of four light neutrinos with hierarchies is a theoretically challenging problem. We extend a method proposed in Ref. [12] . It simply incorporates the seesaw mechanism [13] with flavor symmetry [14] . Introducing three righthanded neutrinos and assuming singularity in both the Dirac and Majorana mass matrices, the neutrino mass matrix has approximately the following form: 
In this mass spectrum, there are two heavy neutrinos of masses ∼ M, two light neutrinos of masses ∼ m 2 /M, and two massless neutrinos; three mass scales, M, m 2 /M, and 0, characterizes this model. Thus the four light neutrinos are naturally divided into two pairs with a mass gap of ∼ m 2 /M, and each pair consists of two degenerate mass eigenstates.
Abelian flavor symmetry [14] can be used to generate such a neutrino mass matrix.
Furthermore this symmetry should also provide the maximal mixing for the atmosphere neutrino anomaly which is not guaranteed in the form of M in Eq. (2) . A softly breaking of the symmetry is necessary to generate small masses for two massless neutrinos and to lift the degeneracy in each pair. In the following discussion, supersymmetry is implied. The flavor symmetry is spontaneously broken by a vacuum expectation value (VEV) of an electroweak singlet field X. As long as the flavor charges balance under the symmetry, the following interactions are allowed:
where L α (α = e, µ, τ ), H and N α denote the lepton doublets, a Higgs field, and the righthanded neutrino fields, respectively. The Λ is the flavor symmetry breaking scale, and the condition m αβ , n αβ ≥ 0 is required for the holomorphy of the superpotential. The order parameter for this new symmetry is defined by
The assignment of the Abelian flavor charges relevant to Eq. (2) and to maximal ν µ − ν τ mixing is assumed to be
with the integers a and r being constrained as 7 < a ≤ r .
The E c α 's in Eq. (5) are the anti-particle fields of the SU(2) singlet charged leptons. In order to obtain the physical mixing angles of neutrinos, the charged lepton mass matrix should be simultaneously taken into account. The gauge and Higgs bosons possess vanishing flavor charges. Note that all the flavor charges for the second and third generations are expressed by a single parameter a. Compared to analogous analysis for three light neutrino scenario, the choice of the flavor charges here is more limited. One tricky point is that one of the right-handed neutrino masses is made to be vanishingly small (≪ m 2 /M).
The flavor charge assignment in Eqs. (5) and (6) produces the Dirac and Majorana mass matrices of neutrinos as
and the mass matrix of charged leptons as
where Y 's, ζ's and η's are order one coefficients. The M l and M D are almost diagonal, while the M M is mainly off-diagonal. Therefore to leading order, the mass matrix of four light neutrinos is obtained as,
The neutrino mass spectrum due to M
ν is
It is to be noted that the maximal mixing between the ν µ and ν τ results from the flavor symmetry. The requirement of keV scale ν µ and ν τ , i.e.,
is achieved via the seesaw mechanism with m ≃ 250 GeV, M ∼ 10 12 GeV and λ a typical order of Cabbibo angle, ∼ 0.1.
The full mass matrix of charged leptons in Eq. (8) is solved by the standard method.
The eigenvalues of the M l are of order λ 5 m, λ 3 m, and λ 2 m, which yields appropriate mass scales of the charged leptons. The M l is diagonalized by
The R L l which diagonalizes the hermitian mass-squared matrix
In the neutrino sector the mass matrix of four light neutrinos can be obtained by the method described in Ref. [15] . The M M is diagonalized to give three eigenvalues ∼ λ 2r+a M, λM, and −λM by a rotation matrix R M ,
We finally have the following symmetric mass matrix of four light neutrinos:
where ǫ = m/M ∼ 10 −10 and the charged lepton mixing effects are incorporated so that the charged lepton fields have been rotated into mass eigenstates. In Eq. (15) each non-vanishing element denotes the order of magnitude.
The mixing angles between two pairs are very small, which is expected from the keV scale mass of ν µ (ν τ ), and the sub-eV scale mass of ν e (ν s ). Due to the flavor charge assignment in Eq. (6), the (12)-component of the M ν induces leading contribution to the mixing as
They are too small to be detected at the laboratory experiments in the near future, and have no influence on astrophysical processes [17] . This extremely small mixing practically 
The effective mass matrix of ν e and ν s can be written by
where the second equality is obtained by using a = 8 and ǫ ≃ λ 10 . The lightness of the ν 1 and ν 4 , compared with the ν 2 and ν 3 , is kept by the flavor symmetry, instead of by the seesaw mechanism. Since the condition 7 < r in our charge assignment renders the off-diagonal components dominant over the non-zero diagonal component, the maximal mixing for the solar neutrino data is spontaneously generated. The result is listed in the following In summary, it would be simple if the muon-and tau-neutrinos are just the WDM.
We have presented a neutrino model which generates keV scale ν µ and ν τ and meanwhile provides the neutrino oscillations. It combines the seesaw mechanism and the FrogattNielsen mechanism. The key point is that the neutrino mass matrix has a singular form. A light sterile neutrino is obtained due to the flavor symmetry. The flavor charge assignment is given in Eqs. (5) and (6) with a = 8 and r = 9.
Compared to the model in Ref. [12] , the light neutrino spectrum is similar to the ordinary 2 + 2 light neutrino scheme [16] . But the two neutrino pairs are more widely separated (by keV). The solar neutrino problem can be solved by either the LMA or LOW solution. Of course, the LSND results cannot be relevant in this model. But this is consistent with the KARMEN data.
It seems a drawback to introduce both the seesaw and the Frogatt-Nielsen mechanisms to make neutrinos light. However the seesaw mechanism itself cannot predict the neutrino flavor structure, especially the maximal ν µ − ν τ mixing. Another underlying motivation is to make the four light neutrino scenario easier to be understood in the framework of grand unification theories, which will be studied further. 
